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Resume 

Nous etudions la structure d'algebre de Lie du premier groupe de la coho- 
mologie de Hochschild d'une algebre monomiale de dimension finie A, en ter- 
mes combinatoires de son carquois, en quelconque caracteristique. Cela nous 
permet aussi d'examiner la composante de I'identite du groupe algebrique des 
automorphismes exterieurs de A en caracteristique zero. Nous donnons des 
criteres pour la (semi-)simplicitet la resolubilite. 

Abstract 

We study the Lie algebra structure of the first Hochschild cohomology 
group of a finite dimensional monomial algebra A, in terms of the combi- 
natorics of its quiver, in any characteristic. This allows us also to examine 
the identity component of the algebraic group of outer automorphisms of A 
in characteristic zero. Criteria for the (semi-) simplicity, the solvability, the 
reductivity, the commutativity and the nilpotency are given. 
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1 Introduction 

The Hochschild cohomology H*(A, A) of any associative algebra A over a field k has 
the structure of a Gerstenhaber algebra (see ||^). In particular, the first Hochschild 
cohomology group H^ (A, A) is a Lie algebra, a fact which can be verified directly. 
Note that in the finite dimensional case in characteristic this Lie algebra can 
be regarded as the Lie algebra of the algebraic group of outer automorphisms 
Out (A) = Aut (A)/Inn (A) of the algebra A. It has been treated by Guil-Asensio 



and Saorm in Huisgen-Zimmermann and Saorfn proved in |11| that the identity 
component Out (A)° of the outer automorphism group of A is invariant under de- 
rived equivalence and Keller showed that Hochschild cohomology is preserved 
under derived equivalence as a graded (super) Lie algebra. Consequently the Lie 
algebra H^(A, A) is invariant under derived equivalence. 

The purpose of this paper is to study the Lie algebra structure of H^(A, A) in 
the case of finite dimensional monomial algebras without any restriction on the 
characteristic of the field k using only algebraic methods. The relationship between 
H^ (A, A) and Out (A) allows us to transfer the results obtained in this way to 
the identity component Out (A)° of the algebraic group Out (A) in characteristic 
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0. Thus we give a different proof of Guil-Asensio and Saorm's criterion for the 
solvabiUty of Out (A)° and we generaUze some resuhs they obtained using algebraic 
group theory and methods in algebraic geometry. 

This paper is organized in the following way: in the first section we will use the 
minimal projective resolution of a monomial algebra A (as a A-bimodule) given 
by Bardzell in Q to get a handy description of the Lie algebra H^(A, A) in terms 
of parallel paths. The purpose of the second section is to link this description to 
Guil-Asensio and Saorfn's work on the algebraic group of outer automorphisms of 
monomial algebras (see jo)). In section three we carry out the study of the Lie 
algebra H^(A, A). In particular we give criteria for the (semi-)simplicity, the solv- 
ability, the reductivity, the commutativity and the nilpotency of this Lie algebra 
and consequently of the connected algebraic group Out (A)°, in terms of the com- 
binatorics of the quiver of A. Finally a Morita equivalence given by Gabriel in Q 
in case char k = p > between group algebras kG where the finite group G admits 
a normal cyclic Sylow p-subgroup and certain monomial algebras allows us to ap- 
ply some of our results to the Lie algebra H^(fcG, /cG). Note that the Hochschild 
cohomology is Morita invariant as a Gerstenhaber algebra (see Q ) . 
We give some notation and terminology which we keep throughout the paper. Let 
Q denote a finite quiver (that is a finite oriented graph) and k an algebraically 
closed field. For all n G N let Qn be the set of oriented paths of length n of Q. 
Note that Qq is the set of vertices and that Qi is the set of arrows of Q. We denote 
by 5(7) the source vertex of an (oriented) path 7 of Q and by t{j) its terminus 
vertex. The path algebra kQ is the fc-linear span of the set of paths of Q where the 
multiplication oi [3 ^ Qi and a G Qj is provided by the concatenation (3a G Qi+j if 
t{a) — s{P) and otherwise. 

We denote by A a finite dimensional monomial fc-algebra, that is a finite dimensional 
fc-algebra which is isomorphic to a quotient of a path algebra kQ/I where the two- 
sided ideal / of kQ is generated by a set Z of paths of length > 2. We shall assume 
that Z is minimal, i.e. no proper subpath of a path in Z is again in Z. Let B be 
the set of paths of Q which do not contain any element of Z as a subpath. It is 
clear that the (classes modulo / = {Z) of) elements of B form a basis of A. We 
shall denote by Bn the subset Qn Ci B oi B formed by the paths of length n. 
Let E ~ kQo be the separable subalgebra of A generated by the (classes modulo 
/ of the) vertices of Q. We have a Wedderburn-Malcev decomposition A = E ® r 
where r denotes the Jacobson radical of A. 

This work will form part of a Ph.D. thesis under the supervision of Claude Cibils. 
I would like to thank him for his comments and his encouragement which I appre- 
ciated. 



2 Projective resolutions and the Lie bracket 

The Hochschild cohomology H*(A,A) = Ext (A, A) of a fc-algebra A can be 
computed using different projective resolutions of A over its enveloping algebra 
A*^ = A (^k A°P. The standard resolution Vnoch is 

, A®^ ^ A®r' ^ >A®fcAAA->0 

where e(xi 'S>k X2) — x\X2 and 

n-l 

^(Xl ®h - ■ ■ ®k Xn) = ^^{-^y^^^l 8)*: • • ■ ®fc XiXi+i ®k ' ' ' Xn 
i=l 

for xi,... ,Xn e A. Applying the functor HomA<!(-,A) to Vuoch and identifying 
HomA=(A (g)fc A®fe ®k A, A) with Homfc(A®fc, A) for aU n G N, yields the cochain 
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complex Cfjoch defined by Hochschild: 

-> A ^ Homfe(A, A) ^ > Homfc(A^S A) ^ Honife(A<^\ A) ^ ■ • ■ 

where {dQa){x) ~ ax — xa for all a, a; G A and 

I]"=l(-l)V(a;i «)fe ■ ■ • Ofe X^Xi+i (S)k---<S)k Xn+l) 

+ ®fe • ■ ■ (8)fe a;„)a;n+i 

for all / e Homfe(A'^fe, A), n e N, and xi, . . . ,Xn+i G A. In 1962 the structure of 
a Gerstenhaber algebra was introduced on the Hochschild cohomology H*(A, A) by 
Gerstenhaber in ||5|]. In particular the first cohomology group H^(A, A) which is the 
quotient of the derivations modulo the inner derivations of A is a Lie algebra whose 
bracket is induced by the Lie bracket on IIomfe(A, A) 

[/, 5] = / ° 5 - 5 ° / 

where /, <? S IIomfe(A,A). The 1-coboundaries, i.e. the derivations Derfc(A) — 
Ker di = {f e Homfc(A, A) | f{ab) = af{b) + f{a)b Va, b e A} form a Lie subalgebra 
of IIomfe(A,A) and the 1-cocycles, i.e. the inner derivations Adfe(A) = Imdo — 
{/ G IIomfc(A, A) I 3a G A such that f{x) = ax — xa Vx € A} an ideal of this Lie 
algebra. 

In order to compute the first Hochschild cohomology group H^ (A, A) of the finite 
dimensional monomial algebra A, we shall use the minimal projective resolution of 
the A-bimodule A given by Bardzell in [Q . The part of this resolution T'min in which 
we are interested is the following: 

>K®EkZ®EA-^K®E kQi (g)£;A^A®£;A^A^O 

where the A-bimodule morphisms are given by 

Soi^ a 'S>E ^J') — Aa®£;/i — A®£;a/i and 
Si{X®EP'^E fJ-) = Yl]^^j^Xan . ■ .ad+i •S)E ad'S)E ad-i . . -aifj. 

for all A, /X G A, a, an, . . . , ai G Qi and p — an . . . ai G Z (with the conventions 
ttn+i = t{an) and ao = s(ai)). 

Remark 2.1 Our description of Vmin is equivalent to BardzelVs, because if X de- 
notes a set of paths and if kX is the corresponding E-bimodule, then the map 
©^gj5(:At(7) (X>fc 5(7) A A (E)E kX ®e A which is given by Xt{j) (E)k s{j)p. ^ 
A (E)E 7 (^E fJ', where 7 G X and X, fj, G A, is clearly a A-bimodule isomorphism. 
Note that the A-bimodules A®eA and A®e E ®e A A®e kQo (8>_e A are isomor- 
phic. 



Lemma 2.2 Let M be an E-bimodule and T a A-bimodule. Then the vector space 
llom\^{A^E M (i^E A,T) is isomorphic to Hom£;e(M, T). 

Proof: The linear morphism HomA»(A (^e M (X)_e A,T) ^ Hom£;c(A/, T) which 
sends a A-bimodule morphism / : A(X)£;M(X)£;A-^rto the i?-bimodule morphism 
M ^ T given by m 1— > /(Ia'X'b 1a) and the linear morphism Hom^jc (M, T) — > 
HomAe(A(g)sM(X)_EA,T) which associates to 5 : M ^ T the element A®bM®b A — » 
T, X ®e Tn ®e t'' ^ Xg{m)^, are inverse to each other. 

q.e.d. 2.2 
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Applying the functor HoniAe (_ , A) to T^min and using the preceding Lemma yields 
the cochain complex Cmin 

— > Hom Be (fcQo , A) Horn Ee{kQi,A) Hom E-{kZ,K) — > • • • 
where the coboundaries 5q and ^* are given by 

(5o*/)(a) = af{s{a))- J{t{a))a and 

n 

{^i9){p) = an • ■ • ad+ig{ad)ad-i ■■■ai 

where / G Hom£;e(fc(5o, A), a, a„,... ,ai G Qi, g £ Hom£;e(fc(5i, A) and p = 
a„ . . . ai G 

As it is useful to interpret H^(A, A) in terms of parallel paths we introduce now 
the following notion: two paths e,7 of Q are called parallel if s{e) = 3(7) and 
t{e) = ^(7). If X and Y nvc sets of paths of Q, the set X/ /Y of parallel paths is 
formed by the couples (£,7) £ X xY such that e and 7 are parallel paths. For 
instance, Qo/ /Qn is the set of oriented cycles of Q of length n. 

Lemma 2.3 Let X and Y be sets of paths of Q and let kX and kY he the corre- 
sponding E-himodules. Then the vector spaces k{X//Y) and }iomEe{kX,kY) are 
isomorphic. 

Proof: Define a linear morphism k{X//Y) — > Homge (fcX, fcy) by sending (£,7) G 
X//Y to the elementary map which associates 7 to £ and to any other path of 
X. If / : kX — » kY is an iJ-bimodule morphism, we have for every path s € X 
that /(£) = f{t{e)es{e)) = t{e)f{s)s{s) and thus f{e) = E(e,7)ex//r ^£,77, where 
Xe.-y G k. This allows us to define a linear morphism HomEe(fcX, kY) k{X/ /Y) 
which assigns to / : kX kY the element J2{e,i)ex//Y ^s,j{£,^)- Obviously, the 
two morphisms are inverse to each other. 

q.e.d. 2.3 

Using the following notations we will rewrite the coboundaries: 
Notations 2.4 

(i) Let e be a path in Q and (0,7) G Qi//B. We denote by e^"'''*^ the sum of all 
nonzero paths (i.e. paths in B) obtained by replacing one appearance of the 
arrow a in e by the path 7. // the path e does not contain the arrow a or if 
every replacement of a in e by ^ is not a path in B, we set = 0. Suppose 
that e^"''!') = X^"^^£i, where Si G B and let r/ be a path of B parallel to e. 
By abuse of language we denote by (77, e^"''"')) the sum'Y^^-i{ri,Si) ink{Z//B) 
(with the convention that (77, e'"''*'-') = if e'^'^'^^ —^)- 

(a) The function xb '■ YineN^"' ~^ {0)1} denotes the indicator function which 
associates 1 to each path 7 G -B and to j ^ B. 

(Hi) If X is a set of paths of Q and e a vertex of Q, the set Xe is formed by the 
paths of X with source vertex e. In the same way eX denotes the set of all 
paths of X with terminus vertex e. 

Remark 2.5 

-(/"(a, 7) G Qi/ /{B — Qo), then all the nonzero summands of e^"^'^^ are distinct. 
If we carry out the identification suggested in the preceding Lemma, we obtain: 
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Proposition 2.6 

The beginning of the cochain complex Cmin can be characterized in the following way 

^ kiQo//B) ^ ^ k{Z//B) ^ • • • 

where the maps are given by 

Vo: k{Qo//B) k{Qi//B) 

(e,7) I — ' T,aeQreXB{aj)ia,a-f)-J2aeeQ^XB{7a){a,-fa) 



Vi: k{Qi//B) k{Z//B) 

/n particular, we have (A, A) ~ Ker /Im • 
The verifications are straightforward. 
Theorem 2.7 The bracket 

[(a,7),(&,£)] = (6,e(«'^))-(a,7<''^^) 

/or (a, 7), (6, e) G Qi/ /B induces a Lie algebra structure on Ker^i/Im^o such 
that'S}{K,h) andKeTtpi/lmipQ are isomorphic Lie algebras. 

Proof: As Vnoch and Vmin are projective resolutions of the A-bimodule A, there 
exist, thanks to the Comparison Theorem, chain maps uj : Vnoch Vmin and 
C : Vmin Vnoch- Let us choose these A-bimodule morphisms such that 



Co : 




A(J 


5ij A ^ 


A(g) 


fc A 






A$ 


5e At 1-^ 


AO 


fc A^ 


ft : 




kQi (S 


A ^ 


AO 


fe AOfe A 










AO 


fc a Ofe A^ 


u)Q : 




Ac 


A ^ 


Ao 


B A 






A( 




A® 


E A^ 


Ui : 


A 


®fc Ac 


S)fe A ^ 


Ao_E fcQiOsA 




A (S)k an 


. . . Oi ( 


8fe A* ^ 




Aa„ . . . Od+i ®E ad Ob fld-i • • • aiM 



where A, a* € A, a,a„,... ,ai S Qi and a„...ai € As a chain map between 
projective resolutions is unique up to chain homotopy equivalence, u) and <r are 
unique up to chain homotopy equivalence and such that o c;^ is homotopic to id 73^^^;^^ 
and c o w is homotopic to id-pjj^^j^. Therefore, the cochain maps HomAe(w,A) and 
HomAe(<;, A) are such that HomAe(?, A) o HomAe(ci;, A) is homotopic to idc„i„ and 
HomA<!(w, A) o HomA<!(T, A) is homotopic to idHomAe(T'Hoch-A)- Hence these maps 
induce inverse linear isomorphisms at the cohomology level. Taking into account 
the identifications above we obtain that 

wT: k{Qi//B) Homfc(A,A) 

(a, 7) I — > A ^ A and 

ft: Homfc(A,A) k{Qi//B) 

f-A ^ A ' ' EaeQi E(o,7)eQi//S V7(0'7) 

induce inverse linear isomorphisms between (A, A) — Ker di /Im do and (A, A) = 
Kei^pi/lm^pQ. This allows us to transfer the Lie algebra structure of Kerdi/Imdo 
to KeTtpi/lmipQ. Define on k{Qi//B) the bracket 

[(a,7),(6,£)] :=ft([aJT(a,7),aJr(6,£)]) = {b,e^'^'''^) - {an^'''^) 
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for all (a,7),(6,e) G Qi//B. It is easy to check that this is a Lie bracket. As 
w : Cnoch Cniin and ^ : Cmin ChocIi are maps of complexes, we conclude from 
the fact that Kerdi = Derfc(A) is a Lie subalgebra of Homfc(A,A), that KerV'i 
is a Lie subalgebra of k{Qi/ / B). In the same way we deduce from the fact that 
Im ipQ = Ad k (A) is a Lie ideal of Ker di , that Im ipo is a Lie ideal of Ker tpi . By 
construction the quotient Lie algebra (A, A) = Ker ipi /Im ipo is isomorphic to the 
Lie algebra H^(A, A) — Ker di /Im do . 

q.e.d. 2.7 

It is remarkable that Bardzell's minimal projective resolution and the resolution 
considered by Gerstenhaber and Schack in using £'-relative Hochschild cohomol- 
ogy yield the same 1-coboundaries and 1-cocycles as the following Proposition and 
Corollary show: 

Proposition 2.8 The Lie algebras KerV'i (with the bracket described in the pre- 
ceding Theorem) andDeiE^i^) (with the canonical bracket) are isomorphic. 

Proof: Let cr : A ^ A be an element of Der e' (A) = Der ^(A) n Honi^;^ (A, A). Since 
a is an _E-bimodule morphism, the image of an arrow a is a linear combination of 
paths of B parallel to a. Suppose cr(a) — J2{a ■y)£Qi/ /b ■^{an)^ ^'^^ a € Qi with 
A(£i ,y) € k. The fact that cr is a well-defined derivation implies that we have for 
every path p — pi . . . P2P1 in Z of length I 

I 

0^a{p)^cr{pi...pi)^^Pi...Pi+ia{p,)p,^i...pi= ^ >^{a,j)P^''''^^ 

»=1 (Q,7)eQi//B 

Thus we have in k[Z//B) the equality — SpGzX/(a7)eQi//_B'^(a,7)(^''^' ) 
which is the same as to say that J2(a 7)eQi/ /b •^(a,7)('^' 7) an element in Kevij^i. 
This enables us to define the linear function 

^ : Der£e(A) ^ Ker-i/'i, a t-^ ^ A(a,7)(a,7) 

ia,t)eQi//B 

On the other hand we can associate to every x = ^^^^ 7)eQi/ /b -^(0,7) (^j 7) in Ker V'l 
an i?-bimodule morphism '■ A ^ A hy setting crx:{e) := for every vertex e £ Qq 
and ffxic) := ■y)eQi/ /b '^(c.7)7 for every arrow c G Qi. To make ax a derivation 
we extend to paths e — bm ■ ■ - hi of length m > 2 by the formula 

m 

i^xie) = cTxiKi . . .61) = . . . bj+icrx{bj)bj-i ...bi= ^ X(a,j)e'^'^'^'> 

J = l (a,7)GQi//S 

Thanks to = ipi{x) = EpGZ E(a,7)GQi//B \an)iP^P^'''''^) we have for every p G Z 
the relation = S(a 7)eQi//-B '^(^,7)^'''"'''^'' — '^xip) which shows that Ux is well- 
defined. This allows us to define the linear function 

C : Ker -01 Der £;e(A), x ^ Ox 

It is clear that ^ and C are inverse to each other which proves that Der (A) and 
KerTAi are isomorphic fc-vector spaces. In order to check that is a Lie algebra 
morphism let us fix a; = E(a,7)eQi//s ^^(1,7) («' 7) and y = E(6,e)GQi//B e) 
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in Ker^i. For every arrow c G Qi we have 
[a^,ay]{c) = [g^ o (jy -(JyO a^){c) 

(c,£)eQi//B (c,7)eQi//s 



(c,£),(a,7)eQi//B 



(c,7),(b,e)eQi//S 



where z = E(a,7),(b,e)GQi//B ^(a,7)A'(&,e)((^ e'"'''') " («, 7^^'"^ ) ) • Theorem shows 
that z is equal to the element [a;, y\ of Ker ipi . Therefore C is a Lie algebra morphism 
and Der E^i-^) and Keri/ji are isomorphic Lie algebras. 

q.e.d. 2.8 



Corollary 2.9 The Lie ideallmipo of Ker 4>i and the Lie ideal Ad E^i-^) of Dei E^i-^) 
are isomorphic. 

Proof: Let y — X]7gb ^-t^ £ A be such that ad (y) is an i?-bimodulc morphism. 
Then we have for every vertex e G Qq 

= eye - eye = ead(y)(e) e = ad (y)(e) = ye - ey = ^ X^{6s(^)^e - St(j),e)l 

This shows that every path 7 G _B satisfying A-^ ^ is a cycle and so y = 
^(e 7)eQo/ /B ^77- For every arrow a G Qi we have 

ad (y) (a) = ya~ ay = ^ A^7a- ^ A^a7 = ^ A^(7a-a7) 

(e,7)eQo//S (e.7)eQo//-B (e,7)GQo//B 

We deduce from this that the image of ad (y) G Ad e' (A) by ^ is 
C(ad(y))= X A^( X (a,7a) - X (a,a7)) = - ^ AT,V'o(e,7) 

(e,7)6Qo//S ae = Qi ^eQie {e,l)eQo//B 

^a^B aji^B 

and thus we obtain that the image of the Lie algebra Ad e" (A) by the isomorphism 
of Lie algebras ^ is ImipQ. 

q.e.d. 2.9 



Remark 2.10 In general, the minimal projective resolution and the resolution con- 
sidered by Gerstenhaber and Schack do not yield the same n-cohoundaries and 
n-cocycles: for example in the case of hereditary algebras, i.e. Z = we have 
for n — 2 that Ker -02 — 0, because k(Z//B) — 0, but the multiplication m G 
Hom£;c(A (^E A, A) is a nontrivial 2-coboundary as well as a 2-cocycle of the com- 
plex yielded by Gerstenhaber and Schack's resolution. 



3 The algebraic group of outer automorphisms of 
a monomial algebra 

In this section, we assume that the characteristic of the field k is 0. Our aim is 
to relate the description of the Lie algebra H^(A,A) — Ker /Im -00 obtained in 
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the preceding section to the algebraic groups which appear in Guil-Asensio and 
Saorm's study of the outer automorphisms. Denote by Aut (A) the algebraic group 
of all fc-algebra automorphisms of a finite dimensional fc-algebra A. The group 
of inner automorphisms Inn (A) of A is the image of the morphism of algebraic 
groups if : A* ^ Aut (A) given hy a i—>- La = conjugation by a. Thus Inn (A) is 
a closed normal and connected subgroup of Aut (A) . The algebraic group of outer 
automorphisms Out (A) is defined as the quotient Aut (yl)/lnn (A). Its identity 
component Out (^)° is Aut (A) ° /Inn (A). Note that if A is a basic algebra, for 
instance the monomial algebra A, then the group Out (A) is isomorphic to the Picard 
group Pic k{A), that is the group of (isomorphism types of) Morita autoequivalences 
of the category of left A-modules (see p. 1860). 

Proposition 3.1 Let k be a field of characteristic and A a finite dimensional 
k-algebra. The derivations T)eT k{A) form the Lie algebra of the algebraic group 
Aut (A) and the inner derivations Adk{A) form the Lie algebra of the algebraic 
group Inn(j4). The Lie algebra H^(j4, A) can be regarded as the Lie algebra of the 
algebraic group Out (A) or as the Lie algebra of its identity component Out(A)°. 

Proof: In Q 13.2 it is shown that Derfc(A) is the Lie algebra of Aut (A). The 
differential dip : A — > Der k (A) of the above-mentioned morphism tp is given by 
a I— > ad (a) = inner derivation of a. Since the field k has characteristic 0, the 
Lie algebra of the image of a morphism of algebraic groups is the image of the 
differential of this morphism. The construction of the quotient Aut (A) /Inn (A) 
implies that the Lie algebra of the algebraic group Aut (A) /Inn {A) = Out (A) is 
£(Aut(yl))/£(Inn(yl)) = Derfc(A)/Adfc(A) ^ll\A,A) (see |l| 11.5 and 12). 

g.e.d. 3.1 

The automorphism group of any finite dimensional algebra was studied by Pollack 
in . Guil-Asensio and Saon'n worked on the outer automorphisms of any finite 
dimensional algebra (see 1^ ) . The case of the finite dimensional monomial algebras 
was treated by them in their paper We are going to follow their notations. 
Define the algebraic group 

Ha := {a € Aut (A) | ^(e) = e Ve e Qo} 

and denote by LL^ its identity component. According to ||l^ and to Proposition 1.1 
of we have 

Out (A)° ~ Hi/ Ha n Inn (A) 

Proposition 3.2 Let k be a field of characteristic and A a finite dimensional 
monomial algebra. The Lie algebra of the algebraic group Ha is the Lie algebra 
Der E" (A) ~ Ker ipi and Ad e<' (A) ~ Im ipo is the Lie algebra of Ha H Inn (A) . 

Proof: For every vertex e G Qo we write Ge ■= {c G GL(A) | cr(e) = e} and 
Ge ■■= W G 0[(A) I (T(e) = 0}. Thus we get the equahty Ha = Aut (A) n fleego ^<'- 
Since we have assumed char/c = 0, paragraph 13.2 of ||l^ shows that 

£{Ha) = /:(Aut (A)) n HeeQe ^(Ge) = Der ,.(A) n a^Qo 

= {cr G Der fe(A) | a{e) Ve G Qo} = Der e" (A) and 

£(i7A nlnn(A)) = C^H a) n C{liin (A)) = Der£;e(A) n Adfc(A) = AdEe(A) 

q.e.d. 3.2 
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The closed unipotent and connected subgroup 

E := Lp{E*) = {ia e Inn (A) | a £ E*} 

of Hf^ is isomorphic as a group to the group of acychc characters Ch((5, k) appearing 
in Guil-Asensio and Saorm's paper (see definition 7 in [^). The group 

Inn* (A) := (p{l + r) = {la £ Inn (A) \3x er such that a = 1 + cc} 

is a closed unipotent and connected subgroup of Inn (A). We have iJA H Inn (A) ~ 
{H\ n Inn*(A)) x E. Define the algebraic groups 

Ua ■= W e Aut (A) I (7{a) = a mod Va e Qi} and 
Va := {ct G ilA I cr(a) = ^ A(a,b)6 Va e Qi} 

(a,6)eQi//Qi 

According to Proposition 1.1 of we have i/^ = {Ha H J7a) xi and therefore 
Out (A)° can be described as follows: 

Proposition 3.3 Let k be a field of characteristic and A a finite dimensional 
monomial k-algebra. Then the identity component Out (A)° of the algebraic group 
of outer automorphisms is the semidirect product 

^ ' i7Anlnn*(A) E 

Since there is an inclusion preserving 1 — 1 correspondence between the collection 
of closed connected subgroups of Out (A)° (resp. iJ^) and the collection of their 
Lie algebras, regarded as subalgebras of H^(A,A) = Ker V'l /Im ■f/^o (resp. Ker-0i) 
we are interested in identifying the subalgebras of H^(A, A) — Keripi/lmipo (resp. 
Keripi) corresponding to the algebraic groups Hfninn*'{A) ^^'^ ^ (resp. Ha n Ua, 
Ha n Inn* (A), and E). We have the following dictionary: 

Proposition 3.4 Let k be a field of characteristic and A a finite dimensional 
monomial k-algebra. 

(i) The Lie algebra of the closed connected normal subgroup Ha H Ua of H'^ is 
the Lie ideal k{Qi/ / B — {Qq U Qi)) H Kevipi of the Lie algebra Keiipi. 

(ii) The Lie algebra of the closed connected subgroup of H'^ is the Lie subalgebra 
k{Qi/ /Qi) nKei ipi of the Lie algebra Keripi. 

(Hi) The Lie algebra of the closed connected normal subgroup Ha H Inn* (A) of 
i/AHlnn (A) is the Lie ideal oflmipo generated by the elements X]aeQie('^' ^^7)" 
EaeeQi(«'7a) where {e,j) G Qo//(B-Qo)- 

(iv) The Lie algebra of the closed connected subgroup E of Ha H Inn (A) is the Lie 
subalgebra o/Im^o generated by the elements X^aeQiel*^' ~ SaeeQiC*^'^) 
where e € Qo- 

Proof: The derivation of the morphism of algebraic groups 

£a: Aut (A) — > GL(r/r2) ~ GL(fcQi) 

a I — > rjr"^ r/r'^, x mod i-^ <^{x) mod 

is given by 

d£A: Derfc(A) ^Kr/r^) ^ bK^Qi) 

a I — > r/r"^ — > r/r'^, x mod i-^ <^ix) mod 
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Recall that we have shown in Proposition 1.8 that 

^: Der£;e(A) — > Keri/'i 

cr: A ^ A I — y Y.(an)<^Qi/ / B \a,j){a,l) 

aeQi ^ E(a,7)eQi//s^(a,7)(a'7) 

is a Lie algebra isomorphism. 

(i) : Since Ua is the kernel of ba we obtain, thanks to the assumption charfc — 0, 

C{Ha n Ua) = C{HA)r\KeTdeA ^ {a e Der e-{A) \ a{a) e Va e Qi} 

The fact £,{C{Ha n Ua)) = k{Qi//B - (Qo U Qi)) n Ker V-i finishes the proof. 

(ii) : From Va ~ Im£A j^A (see Lemma 22 in [^) and charfc = we deduce 

£(Fa) = C{V^) = ImdeA \ciH^) 

= {cr e Der Be (A) | cr(a) = E(a,6)eQi//Qi ^(a,6)(a:^) Va G Qi} 

The equality ^(£(V^)) = fc((5i//Qi) nKer-0i shows that we are done. 
(Hi) : We have 

/:(i?A nlnn*(A)) = {ad(l + a;) £ Ad£;e(A) | x £ r} = {ad (x) G Ad£;.(A) \ x e r} 

Let a; be an element of the radical r such that ad (x) is an i?-bimodule mor- 
phism. The proof of Corollary 2.9 shows that x is a linear combination of ori- 
ented cycles of length > 1, so .x = J2{e i)eQo/ /b-Qo ■^'r^ with G fc. Since 
C(ad(x)) = E(e.7)eQo//s-Qo'^7(E»e=«i(a:7a) -E°eQie(a>a7)), we are done. 

(iv) : It is obvious that the Lie algebra of E is generated by the inner derivations 
ad(e) where e G Qo- Since C(ad(e)) = I]aeQie("'") ~ I]aeeQi(«'") ^^'^ P^o^ 
finished. 

q.e.d. 3.4 

Using the notations which will be introduced at the beginning of the next section 
we get: 

Corollary 3.5 Let k be a field of characteristic and A a finite dimensional mono- 
mial k-algebra. The Lie algebra of the closed connected normal subgroup jff^'^^^A) 
of the connected algebraic group Out (A)° is the Lie ideal (Bi>iLi o/H^(A,A) and 
I Ik Lie algebra of the closed connected subgroup of Out (A)° is the Lie subalgebra 
Lo o/Hi(A,A). 



4 The Lie algebra H^(A,A) of a monomial algebra 

Since Hochschild cohomology is additive and since its Lie algebra structure fol- 
lows this additive decomposition we will assume henceforth that the quiver Q is 
connected. For the study of the Lie algebra H^(A,A) of the monomial algebra 
A = kQ/{Z) we will use the description which we obtained in Theorem |2.7| . For 
every element x G Keiipi we will also denote its class in H^(A, A) = Ker i/^i /Im '00 
by X. 

If (0,7) G Qi//Bn and {b,e) G Qi//Bm, the formula we have obtained shows that 
[(a, 7), (6, e)] is an element of k{Qi/ / Bn+m-i)- Thus, we have a graduation on 
the Lie algebra k{Qi//B) = ®i<^nk{Qi/ / Bi) by considering that the elements of 
k{Qi/ / Bi) have degree i — \ for all i G N. It is clear that the Lie subalgebra Ker'!/'! 
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of k{Qi/ /B) preserves this graduation and that Im^/'o is a graded ideal. Therefore, 
the Lie algebra H^(A, A) = Ker ^'i/Im ^'o has also a graduation. If we set 

L_i := fc(Qi//Qo)nKerVi 
Lq := k{Qi//Qi) nKeiipi/ { (a,a) - ^ {a,a)\eGQo) and 

Li := nKerVi/( ("'^'^) ' Yl ^'^^"'^^ I (^'^) ^ <3o//Qi) 

for all z > 1, i e N, wc obtain H-^(A, A) = ©,>_iii and [Li,Lj] C ii+j for all 
i,j > —1 where L_2 = 0. 

Lemma 4.1 L_i equals if and only if there exists for every loop (a, e) G Q1//Q0 

a path p in Z such that 0. 

Proof: Clear, since e) = J2peziP^P^°'''^^) every loop (a, e) € Qi//Qo- 

q.e.d. 4.1 

We study first the subalgebra L_i of H^(A, A). 
Proposition 4.2 iJac/i 0/ f/ie following conditions implies L_i = 0.- 
(i) The quiver Q does not have a loop. 

(a) For every loop (a, e) e Q1//Q0 of Q the characteristic of the field k does not 
divide the integer m > 2 for which a"^ £ Z and a™~^ S B. 

(Hi) The characteristic of the field k is equal to 0. 

(iv) A is a truncated quiver algebra kQ/{Qm) for a quiver Q different from the 
loop and for m > 2. 

(v) Q is the loop quiver and A = kQ/ (Qm) is a truncated quiver algebra such that 
the characteristic of k does not divide m>2. 

Proof: (i) : clear 

(a) : Let (a, e) G Q1//Q0 be a loop of Q. Since A is finite dimensional, there exists 
an integer m > 2 such that p := a'^ G Z and a™~^ e B. If the characteristic of k 
does not divide m, then p^"-'^^ = ma^~^ is different from and so ma^~^ ^ {Z) 
i.e. p^"^"^ 7^ 0. 

(Hi) : Clear, because (Hi) implies (ii). 

(iv) : Using (^iij wc can suppose that char fc divides m. Let (a, e) G Qi/ZQo be a loop 
of the quiver Q. By assumption the connected quiver itself is not a loop, therefore 
there exists an arrow 6 G Qi different from a such that 6a™~^ or a"*~^6 G Z = Qm- 
The fact that char k divides m implies that the characteristic of the field k does not 
divide w - 1 and thus ^ (to - l)ba'^-^ (Z) = {Qm) or ^ (to - Vja'^-'^b ^ 
{Z) = (Q^). 

(v) : Clear, because (v) implies (ii). 

q.e.d. 4.2 

Before we study the case where L_i equals zero we consider the following exceptional 
case: 
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Proposition 4.3 Let Q be the loop having a vertex e and an arrow a. Let Z = {a™} 
he such that the characteristic p of the field k divides the integer m > 2 and let 
A = kQ/{Z) be the monomial algebra associated to Z. The following conditions are 
equivalent: 

(i) The Lie algebra H^(A, A) is simple. 

(ii) The Lie algebra H^(A, A) is semisimple. 

(Hi) The integer to > 2 is equal to the characteristic p of the field k and p > 2. 

(iv) Hi(A,A) is isomorphic to the Witt Lie algebra W{l,l) := Ber {k[X]/ [Xv)) 
and p > 2. 

Proof: (i) => (ii) : trivial 

(ii) (Hi) : The assumption charfc = p implies [L-i, ip-i] = and thus, Lp^i © 
• ■ • ® Lm-2 is a solvable Lie ideal of the Lie algebra H^(A, A) — ^^S^i Li. Since 
H"'^(A,A) is semisimple, we deduce m = p. We have p > 2, because there is no 
semisimple Lie algebra of dimension 2. 

(Hi) ^ (iv) : Since A is isomorphic to the commutative algebra A: [AT]/ (AT™), the Lie 
algebra H^(A, A) is isomorphic to the Lie algebra of derivations Der {k[X] / {X"^)) . 
(iv) (i) : If char/c > 2, then the Witt Lie algebra W{1, 1) := Der (/c [AT] /(AT™)) 
is one of the non classical simple Lie algebras. 

q.e.d. 4.3 



Proposition 4.2 shows that the case where L_i is different from zero is quite excep- 
tional. We will assume henceforth that L_i ~ 0. In that case ®j>i Li is a solvable 
Lie ideal of H^(A, A) since H^(A, A) is finite dimensional. It is obvious that Lq is a 
Lie subalgebra of H^(A, A) whose bracket is 

[(a, c), (&, d)] = 5a,d{b, c) - Sb^c{a, d) 

for all (a, c), (&, d) £ Lp,. It follows that we have RadII^(A, A) = RadLo © 0i>i Li 
and Hi(A,A)/RadHi(A,A) = Lo/RadLo where RadHi(A,A) (resp. RadLo) de- 
notes the radical of H^(A, A) (resp. Lq). As a consequence the study of the Lie 
algebra H^(A, A) can be often reduced to the study of the Lie algebra Lq. 
We recall a few definitions introduced by Guil-Asensio and Saon'n (see 2.3 in |^ and 
25 in j^) for the convenience of the reader which will be useful in the following. 

Definition 4.4 Let (a, 6) be a couple of parallel arrows. We shall say that the ideal 
(Z) of the algebra kQ is (a, b)-saturated, if for every path p of Z we have p^'''"-^ = 0. 
This is denoted by a <(z) b. The ideal (Z) is called completely saturated if it is 
(a, b)- saturated for all (a, 6) G Qif/Qi. 



Remarks 4.5 

(i) For every class of parallel arrows a the relation <{z) on a is reflexive and 
transitive. 

(ii) For p Cz Z and (a, b) G Qi/ /Qi we have p^^'") — if and only if each term of 
the sum is zero (see \2.^ , i.e. each replacement of one appearence of b in p by 
a is a path in Z . 



12 



The hereditary algebra where Z — ^ and the truncated algebras where Z = Qm, 
m > 2, are examples of monomial algebras whose ideal (Z) is completely saturated. 
Locateli studied the Hochschild cohomology of truncated algebras in and Cibils 
treated the case of radical square zero algebras (see Q). 

It is clear that the relation of parallelism is an equivalence relation on Qi. Denote 
by Qi/ / its set of equivalence classes. We shall call a class of parallel arrows non 
trivial if it contains at least two arrows. It is easy to check that we have on every 
class of parallel arrows a = {ai, . . . , q;„} G Qi/ / the following equivalence relation 



:= ai <^z) aj and aj <i^z) 



ai 



We denote by a/ w its set of equivalence classes. For R,S£a/ « we write R<(z) S 
if there exist arrows a G R and b € S such that a <{z) ^ which is equivalent to 
saying that a <(^z) b for all arrows a E R and b £ S. Note that the relation <{z) 
on a/ « is an order relation. 

The notion of saturation can be reformulated in terms of the Lie algebra structure: 

Remark 4.6 Let {a,b) be a couple of parallel arrows. The ideal {Z) is (a, 6)- 
saturated if and only if (&, a) is an element of the Lie algebra Lq. Thus the parallel 
arrows a and b are equivalent if and only if (a, 6) S Lq and (&, a) G Lq. The ideal 
(Z) is completely saturated if and only if every two parallel arrows are equivalent. 

Proposition 4.7 

A basis B of the Lie algebra Lq is given by the union of the following sets: 

(i) all the couples {a,b) G Lq such that the parallel arrows a and b are different 

(ii) for every class of parallel arrows a = {ai, . . . ,Q;„} G Qi/ / , all the elements 
(Q!i, ai) G Lq such that i < n 

(Hi) IQ1//I — IQol + 1 linearly independent elements (c, c) G Lq different from those 
in (ii). 

Proof: An element J2{a.b)eQi/ /Qi ^ia,b){a,b) G k{Qi//Qi), with X(a,b) e fc, is con- 
tained in Keri/ii if and only if 



0= \a,b)M'^M^ E \a.b)Y.^P.P^"''^) 

(a,fc)eQi//Qi (a,6)eQi//Qi p^Z 

a^b 

First we recall that for a couple of distinct arrows (a, 6), the non zero terms of the 



sum defining are all distinct (see 2^), forming a subset of the basis Z/ /B. 

Second we check the following: if a 7^ 5 and if (p,p^°''')) = {q,q^'^''^^) then p = q 
and if ^ then (a, b) — (c, d). Indeed let p = p„ . . .P2P1 be a path of Z of 

length I and consider the summand Pn . • .pi+ibpi-^i . . .pi £ B of obtained by 
replacing the arrow pi — a hy b ^ a. The fact (p,p'^"'''^) — (p,p^^''*'') ^ implies 
that there exists j G {1, . . . , n} such that pn ■ . .pj+icpj-i . . .pi+ibpi-i . . .pi — 
Pn . . .pj+idpj^i . . .pi+iapi^i . . .pi. Since a 7^ 6, we have i = j as well a.s a — d and 
c = b. This shows that if a 7^ 6 then the non zero elements (p,p("'*)) of k(Z//B) 
are linearly independent. Therefore we can choose a basis of fc(Qi//Qi) H Ker ■01 in 
Q\l IQ\. take all elements (a, a) G Qi/ /Qi and all elements (a, b) G Qi/ /Qi, a^b, 
such that the ideal {Z) is (6, a)-saturated. We have for every vertex e £ Qq ui Lq = 
^('5i//Qi)nKerV'i/fc(Qi//Qi)nlm^/'o the relation X^agg^el"' «) "EaGeQi ^) = 
0. Since IQol — 1 of those |Qo| relations are linearly independent, we see that 
dimA:((5i//(3i) fl Im^/'o = \Qi\ — \Qo\ + 1- Thus we get a basis of Lq if we impose 
the conditions {ii) and {Hi). 
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q.e.d. 4.7 

Let B be a basis of Lq as described in the preceding Proposition. 

Remeirk 4.8 // the quiver Q has a (non oriented or oriented) cycle, then there 
exists at least one class of parallel arrows a — {ai,... ,Q!„}, n > 1, such that B 
contains all the elements {ai,ai) € Lq , 1 <i <n. 

For every class of parallel arrows 75 e Qi/ / we denote by Lq the Lie ideal of Lq 
generated by the elements (a, b) & B such that a,b €a. Obviously the Lie algebra 
Lq is the product of these Lie algebras: 

Lo= n ^0 

aeQi// 

To study the radical of this Lie algebra we need the following Lemma: 

Lemma 4.9 Let J 7^ be a Lie ideal of Lq generated by elements {ai,aj) G Lq 
such that {aj,ai) ^ Lq. Then dimk[J, J] < dim^ J. 

Proof: Let {ai, aj) be any element of J. If {a.i, a.j) ^ [J, J] then nothing is to show. 
So suppose {ai,aj) G [J, J]- This is the case if and only if there exists an arrow 
ai € a, ai ^ ai ^ aj, such that (a^.o;) G J and [ai^aj) G J. If [ai^ai) ^ [J, J] 
then we are done. If not we start again. Suppose that we have (cn^ai) G [J,J\- 
Thus there exists an arrow G S— {a^, ai\ such that {ai, a^) G J and {au, ai) G J. 
The fact {ai,aj) G J implies {aj,ai) ^ J and so Uk ^ aj. If (a^jafe) ^ [J, J] then 
we are done. If not we start again. Since cf is a finite set, this procedure stops after 
a finite number of steps. 

q.e.d. 4.9 

Theorem 4.10 The radical of the Lie algebra Lq is generated as a k-vector space 
by the following elements of Lq: for every class of parallel arrows a = {ai, ... , ««} 

• Gs('^«' '^^) eye*"?/ equivalence class 5 G a/ « 

• {ai, aj), i j, if {ai, aj) G Lq and (aj, a^) ^ Lq 

• (a,! , a, J, (ai2 , ) and (aj^ , ) for all S = {aj^ , } e a/ w char fc = 2 

Proof: Let / be the fc-vcctor space generated by the above-described elements. If 
we define L^ := L Ci Lq we obtain / = YlaeQi// ^ ~ {on,-- - ,o>n} be 

a class of parallel arrows of Q. It is easy to check using the definition of the 
bracket on Lq, that is a Lie ideal of Lq and that I^^ := [I^\l^^] only contains 
elements {ai,aj) G Lq such that (0:^,0!^) ^ Lq. From the fact that dimfe /— < 00 
we deduce successively using the preceding Lemma that there exists an ^ G N such 
that I^^ := = 0. Thus la is a solvable Lie ideal of Lq and we are 

done if we show that Lq/Io- is a semisimple Lie algebra or 0. From the relations 
in Lq/I^: follows that we obtain a basis of Lq/I-^ by taking all elements {ai,aj), 
where Ui ^ aj and ai, aj G S, and l^l — 1 elements {ai, ai) where a, G 5 for every 
S' G a/ «, with |5| > 2 in case char k = 2. For every S £a/ « we denote by ^Lq/Io; 
the Lie ideal generated by the elements {ai,aj) G L" such that ai,aj G S. Then 

we have Lq/I^ — Ylsea/K: "^-^oZ-fe- Let S = {ai^, • . • , ai^} be an equivalence class 
in a/ w, with m > 2 if char k ^2 and m 7^ 2 if char k = 2. The elements {ai^ ,C(ig), 
ip 7^ iq, and {oeip,ai^), ip 7^ im, form a basis of ^Lq/Icc and we have the relation 



14 



Ea,p6s("«p>"ip) = 0- As the bracket on ■^ioZ-^a is given by [(a^p, a^J, (a,^ , a^, )] = 

'^i,,u-("ipi"ii)-'5ip,i!("u-i"ij See that ^io//a "> p0[(m, /c) := g[(m, fc)/fcl given 
by (aipjCii^) I— i- Cpg mod kl is a Lie algebra isomorphism. Since pQl(m,k) is a 
semisimple Lie algebra if to > 2 when charfc ^ 2 and if to > 2 when charfc = 2, we 
conclude that Lq //q is a semisimple Lie algebra. 

g.e.rf. 4.10 

Corollary 4.11 The semisimple Lie algebra H^(A, A)/RadH^(A, A) = Lo/R-adLo 
is the product of Lie algebras having a factor pQl{\S\, k) :— q[{\S\, k)/kl for every 
equivalence class S G a/ k of a class of parallel arrows a such that \S\ > 2 if 
charfc ^ 2 and \S\ > 2 i/ charfc = 2. 



Corollary 4.12 Let Q be a connected quiver and A — kQ / {Z) a finite dimensional 
monomial algebra such that L_i = fc(Qo//Qi) H Ker-^i = 0. The following condi- 
tions are equivalent: 

(i) The Lie algebra H^(A, A) is solvable. 

(ii) Every equivalence class S of a class of parallel arrows a G Qi/ / of Q contains 
one and only one arrow if the characteristic of the field k is not 2. In the case 
charfc = 2 we have \S\ < 2 for all S* e a/ a G Qi//- 

Since in characteristic the Lie algebra of a connected algebraic group is solvable 
if and only if the connected algebraic group is solvable (as a group) , using Propo- 



sition 4.2 we infer the following result also proved by Guil-Asensio and Saorfn (see 



Corollary 2.22 in g): 

Corollary 4.13 Let k be a field of characteristic 0, Q a connected quiver and A = 
kQ / (Z) a finite dimensional monomial algebra. Then the identity component of the 
algebraic group of outer automorphisms Out (A)° is solvable if and only if every two 
parallel arrows of Q are not equivalent. 



Definition 4.14 Let Q be the subquiver of Q obtained by taking a representative 
for every class of parallel arrows ofQ. 



Theorem 4.15 Let Q be a connected quiver and A — kQ / {Z) a finite dimensional 
monomial algebra such that L_i = fc((5o//Qi) HKer?/)! = 0. The following condi- 
tions are equivalent: 

(i) The Lie algebra H^(A, A) is semisimple. 

(ii) The quiver Q is a tree, Q has at least one non trivial class of parallel arrows 
and the ideal {Z) is completely saturated. If the characteristic of the field k 
is 2, then Q does not have a class of parallel arrows containing exactly two 
arrows. 

(Hi) H^(A,A) is isomorphic to the non trivial product of Lie algebras 

n p0t(i«u) 

aeQi// 

where \a\ ^ 2 if the characteristic of k is equal to 2. 
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Proof: Let S be a basis of Lq as described in Proposition 4.7 



(ii) '■ If Q contained a (non oriented or oriented) cycle, there would exist a 

and so 



class a G Qi/ / of parallel arrows such that {a, a) ^ B for all a € a (see 4. 



A;(^^g— (a, a)) would be a nontrivial abelian ideal of Lq which contradicts the fact 
that = RadHi(A, A) = RadLo®0,>i Li. To insure that Hi(A, A) = Lq 7^ it is 
necessary that Q contains at least one nontrivial class of parallel arrows. Suppose 
that (Z) is not completely saturated. According to Remark |4.6| there exist two 
parallel arrows which are not equivalent. This means that there exists a class of 
parallel arrows a G Qi/ / such that a/ « contains at least two elements, say R and 
S. The properties of the basis B show that either X]aGi?(°' o,) ^ or X]aes('^' ^ ^ 
which contradicts the fact that RadLo CRadH^(A, A) = 0. The last statement is 



an immediate consequence of Theorem 4.10 

(U) 



(in) : Let Q and Z satisfy the given conditions. 



a tree, we deduce ®j>]^ = and so H^(A,A) 



From the fact that Q is 
Lq. Since (Z) is completely 

saturated we have Lq = k{Qi/ /Qi)/{J2aeQiei"''"') ~ Z]aeeQi(«'") I ^ ^ Qo)- This 
and the fact that Q does not have an equivalence class containing two arrows if 
char fc = 2, show that its radical is generated by the elements of type J2a£ai'^^ '^)' 
c( G Qi//, (see Theorem 4.10 ). The se elements being equal to zero we see that 
Rad (A, A) = and Corollary yields the result. 
(Hi) ^ (i) : Clear in view of the following Remark. 



q.e.d. 4.15 



Remark 4.16 The Lie algebra pg[(n, fc) := gl{n,k)/kl, n > 2, is isomorphic to 
the classical simple Lie algebra sl{n,k) of n x n-matrices having trace zero if the 
characteristic of the field k does not divide n. If char fc divides n and n ^ 2, 
then pgl{n, k) is a semisimple algebra without being a direct product of simple Lie 
algebras. 



Corollary 4.17 Let Q be a connected quiver and A = kQ/ {Z) a finite dimensional 
monomial algebra such that L_i = fc((5o//Qi) H Ker?/)! = 0. The following condi- 
tions are equivalent: 

(i) The Lie algebra H^(A, A) is simple. 

(ii) The quiver Q is a tree, the quiver Q has exactly one class of parallel arrows 
a — {ai, ... , a„} such that n > 2 and the characteristic of the field k does 
not divide n. The ideal (Z) is completely saturated. 

(Hi) There exists an integer n > 2 such that the characteristic of the field k does 
not divide n and H^(A, A) is isomorphic to the Lie algebra sl{n,k). 

Since the first Hochschild cohomology group is the Lie algebra of the algebraic group 
of outer automorphisms in characteristic (see Proposition [3 . l| ) , we get the following 
Corollary (see Corollary 4.9 in |^ for a partial result on hereditary algebras): 

Corollary 4.18 Let k be a field of characteristic 0, Q a connected quiver and 
A = kQ / {Z) a finite dimensional monomial algebra. The following conditions are 
equivalent: 

(i) The algebraic group Out (A)° is semisimple. 

(ii) The quiver Q is a tree, the quiver Q has at least one non trivial class of parallel 
arrows and the ideal (Z) is completely saturated. 
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(Hi) The algebraic group Out (A)° is isomorphic to the non trivial product of alge- 
braic groups nagQi//PGL(|a|,A:). 

Proof: In characteristic a connected algebraic group is semisimple if and only if 
its Lie algebra is semisimple (see 13.5). 

(i) 4^ (a) : This equivalence follows immediately from the preceding Theorem and 
Proposition |3.l|. 



(a) (Hi) : Let Q and Z satisfy the given condition. According to 3.3 we know that 



Out (A)° = H^ni^n^V) ^ ^^^^^ ^ is a tree, there is no path in B' := B-QqUQi 
of length > 2 which is parallel to an arrow. From the fact that we have for every 
element a G HaHUa that a{a) — a + J2{a ■y)eQi/ /b' ^ia,j)l for all a G Qi we deduce 
that i?A n U\ — {id a}. As the ideal (Z) is completely saturated by assumption, 
any two parallel arrows are equivalent. Therefore the main Theorem 2.20 of the 
article ||^ imphes ~ J^-^g^^^ GL(|a|,/c). Since the quiver Q is assumed to be 

a tree, we have E = Ch{Q, k) = OcfeQi// ^* ^ci] thanks to example 8 in Hence 
we obtain 

UUt(Aj - ffAnInn-(A)^£ " E 

(Hi) ^ (i) : The semisimplicity of the Lie algebra £(Out (A)°) — IlaGQi// Pfl'd^L ^) 
implies the semisimplicity of the connected algebraic group Out (A)°. 

q.e.d. 4.18 

The fact that in characteristic the Lie algebra of a connected algebraic group 
is simple if and only if the connected algebraic group is almost simple, yields the 
following result: 

Corollary 4.19 Let k be a field of characteristic 0, Q a connected quiver and 
A — kQ/{Z) a finite dimensional monomial algebra. The following conditions are 
equivalent: 

(i) The algebraic group Out (A)° is almost simple. 

(a) The quiver Q is a tree, the quiver Q has exactly one class of parallel arrows 
a = {ai, ...«„} of order n > 2 and the ideal (Z) is completely saturated. 

(Hi) There exists an integer n > 2 such that the algebraic group Out (A)° is iso- 
morphic to the algebraic group PGL(n, fc). 

In order to get criteria for the commutativity and the reductivity of the Lie algebra 
H^(A, A) we need to study its center. Therefore we introduce the following defini- 
tons: for every class of parallel arrows a of Q we call a set C da connected, if for 
every two arrows ai and ar of C there exist arrows a2, . . . ,ar-i £ C such that 
we have ai <{z) cti-i-i or a^+i <{z) cti for all i £ {1, . . . , r — 1}. A connected set 
C C a is called a connected component of a if it is maximal for the connection, i. e. 
for every arrow P €a — C there is no arrow a £ C such that a <(^z) (3 or f3 ck- 
Clearly the connected components of a class of parallel arrows a form a partition 
of a. 

Lemma 4.20 Let Q be a connected quiver and A = kQ/(Z) a finite dimensional 
monomial alqebra. 



(i) The centerZ{Lo) oftheLie algebra Lq is generated by the elements ^^^(jia, a) 
where C denotes a connected component of a class of parallel arrows ofQ. 
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(a) If the field k has characteristic or if the quiver Q does not have an oriented 
cycle, then the center Z (H^(A, A)) of the Lie algebra H^(A, A) is contained in 
the center Z{Lq) of Lq. 

Proof: (i) : For every element (a, b) £ Q1//Q1, a b,we have [(a, 5), (a, a)] — (a, b) 
so that Z {Lq) is contained in the abeUan Lie subalgebra of Lq generated by the 
elements (a, a), a e Qi. For every linear combination '^a&Qi ■^0.(0.1 o-), Aq € k, 
we have [^aeQi^a{a.,a),{b,c)] = {—Xb + Xc){b,c) for all (6, c) G Lq. Therefore 
SaeQi ^) contained in Z (Lq) if and only if we have Ah = Ac for all arrows b, c 
such that c >{z) b. This shows that Z (Lq) is generated by the elements J2aec('^' ^) 



(ii) : In both cases we have L_i = according to Proposition 4.2. If the character- 
istic of k is 0, then we have for every element ^ J2{a 7)eQi/ /Si+i A(a,7)(aj7) ^ Li, 
A(a,7) G fc; * > 1; that 

[ ^(a,7)(a'7), XI (^'^)] = ~* XI A(a,^)(a,7) / 

(a,7)eQi//S.+ i beQi (a,7)eQi//-B.+ i 

This shows Z (H^(A, A)) C Z (Lq). We assume now that Q does not have an oriented 
cycle. Then every path 7 G i? of length > 2 parallel to an arrow a cannot contain 
a and so [(a, 7), (a, a)] — (0,7). Taking into account the fact II-'^(A,A) = Lq © 
©^>ifc(Qi/M+i)nKerV'i yields Z(Hi(A, A)) cZ(Lo). 

q.e.d. 4.20 

Recall that a Lie algebra is called reductive if its radical and its center are equal. 

Proposition 4.21 Let Q be a connected quiver and A — kQ/{Z) a finite dimen- 
sional monomial algebra. If Q does not have an oriented cycle or if the field k has 
characteristic 0, then the following conditions are equivalent: 

(i) The Lie algebra II^(A, A) is reductive. 

(ii) The Lie ideal ®j>]^ii is equal to and the relation <(z) symmetric on 
every class of parallel arrows. If the characteristic of k is 2, then there exists 
no equivalence class S € a/ ~ containing exactly two arrows of a class of 
parallel arrows a. 

Proof: (i) ^ (ii) : Let be RadHi(A,A) = Z(Hi(A,A)). If Q does not have an 
oriented cycle or if char fc = 0, then L_i = and RadII-'^(A, A) — Rad io®®i>i Li. 
The preceding Lemma shows that the center of (A, A) is included in Lq and thus 
RadHi(A,A) C Lq. This implies 0,>i = and therefore Hi(A,A) = Lo- 
in view of Theorem 4.1C and the preceding Lemma, the assumption Radio — 
Rad (A, A) = Z(II^(A,A)) = Z (Lo) implies that there is no element (a, 5) G Lq 
such that (6, a) ^ Lq, i.e. the relation <(z) is symmetric. Furthermore there exists 
no equivalence class 5 G a/ «, a G Qi/ /, containing exactly two elements if 
char fc = 2. 

(ii) (i) : The assumptions imply L^i = 0. From ®j>]^ Li = we deduce 



H^(A. A) — Lq. Theorem 4.10 and the preceding Lemma show that RadH^(A, A) 



Radio = Z(Lo) = Z(Hi(A,A)). 

q.e.d. 4.21 

Since in characteristic a connected algebraic group is reductive if and only if its 



Lie algebra is reductive, we deduce immediately using Proposition 3.1 and Corollary 



3.5 
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Corollary 4.22 Let k be a field of characteristic 0, Q a connected quiver and 
A = kQ/{Z) a finite dimensional monomial algebra. Then the identity compo- 
nent of the algebraic group of the outer automorphisms Out (A)° is reductive if and 
only if the relation <{z) symmetric on every class of parallel arrows of Q and if 

HaDUa _ n 
HAnInn*(A) ~ 

Define a sequence of ideals of a Lie algebra L by setting C"L := L{= C^L := 

[L,L]{= 1.(1)), C^L := [L,C^L], C"L := [L,C''-^L]. A Lie algebra L is called 
nilpotent if there exists a nonnegative integer m such that C"^L = 0. The integer 
m such that C™L = and C™~^L 7^ is called the nilindcx of L. A Lie algebra L 
is called filiform if it is nilpotent of maximal nilindex m that is dimC'^L = m — k 
for 1 < A; < m. The fact i^"^ C C"i for all n e N implies that nilpotent algebras 
are solvable. 

Proposition 4.23 Let Q be a connected quiver and A = kQ/{Z) a finite dimen- 
sional monomial algebra. If Q does not have an oriented cycle or char A; = 0, then 
the following conditions are equivalent: 

(i) The Lie algebra, H"'^(A, A) is abelian. 

(ii) The Lie algebra H^(A, A) is filiform,. 

(Hi) The Lie algebra H^(A, A) is nilpotent. 

(iv) 0j>i Li = and there exist no parallel arrows a^b satisfying a <(z) b. 

(v) The Lie algebra H^(A, A) is generated by the elements {a, a) of Lq. 

(vi) The dimension of the Lie algebra H^(A, A) equals the Euler characteristic 

IQil-IQol-1. 

Proof: (i) (ii) and (ii) ^ (Hi) are obvious. 

(Hi) =4> (iv) : If there were two parallel arrows a ^ b such that a <(z) b, we would 
have {b, a) G Lq and [(a, a), {b, a)] (6, a), and so (6, a) G C"Hi(A, A) for all n e N, 
contrary to the assumption. If Q does not have an oriented cycle, then there exists 
for every element ^ J2{a,-y)eQi//Bi+i \a,-/){a,l) ^ L^, i > 1, an arrow 6 G Qi 
such that [E(a,7)eQi//B.+i \a,j){an), ib,b)] = E(6,7)eQi//B.+i \b,^)ib,-f) ^ and 
E(M)eQi//Si+i '^('',7)(^7), {b,b)] = 'Z(b.-y)eQi//B,+, hb.j){b,l) + 0. Thus we have 
7^ E(h.7)eQi//B.+i '^(6,7)(^'7) G C"Ili(A, A) for all n G N. Since the Lie algebra 
(A, A) is assumed to be nilpotent, it follows that 0j>i Li = 0. In case char /c = 
we have for every element E(a,7)eQi//Bi+i \a,'i){a,l)~^ U, i > 1, 

[ m ^(a,7)(«>7), X! = •^(a,7)(a,7) 7^ 

(a,7)eQi//B«+i beQi (a,7)eQi//Si+i 

and thus E(o7)eQi//B 1 •^(0,7) (a, 7) G C"H^(A, A) for all n G N which implies 
®i>iLi = 0.' 

(iv) ^ (v) : By assumption H^(A, A) = Lq and Lq does not contain an element 
(a, 6), a^b. 

(v) ^ (vi) : We deduce from the given condition that dimKeri/»i = \Qi\. Since the 
dimension oilmtpo = (EaeQie("' ^ EaeeQi I ^ Qo) ^"i^^^^ \Qo\ - 1 
we obtain dimH^(A, A) = dimKer^)! — dimlmi/'o = \Qi\ — \Qo\ + 1- 

(vi) =^> (i) : PromdimIm'00 = |<3o|-l and dimH^(A, A) = - |(5o| + 1 it follows 
that dimKcrV-'i = |Qi| and thus Kcri/'i is generated by the elements (a, a) G 
Qi//Qi- Since the bracket of the Lie algebra k{Q\/ /B) is such that [(a, a), (6, b)] = 
for all a, 6 G Qi, we see that H^(A, A) is an abelian Lie algebra. 
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q.e.d. 4.23 



The following Corollary is clear thanks to Proposition 3.1, because in characteristic 
a connected algebraic group is abelian (resp. nilpotent) if and only if its Lie algebra 
is abelian (resp. nilpotent) (see |jl^ 13.4 and 10.5). It generalizes Guil-Asensio and 
Saorm's criterion on the commutativity of the algebraic group V^(= £a(Ga)) (see 
Corollary 2.23 in g]). 

Corollary 4.24 Let k he a field of characteristic and A = kQ / {Z) a finite di- 
mensional monomial algebra. The following conditions are equivalent: 

(i) The algebraic group Out (A)° is abelian. 

(ii) The algebraic group Out (A)° is nilpotent. 

( Hi ) For every path 7 G i? parallel to an arrow a 7^ 7 there exists a path p of Z 
such that p^'^^^i^ ^ 0. 



5 Application to group algebras where the group 
admits a normal cyclic Sylow ]5-subgroup 

The starting point for the following application is the paragraph 'Representations 
modulaires des groupes finis' in Gabriel's article |^ (see also p. 75). Let k be 
an algebraically closed field and G a finite group. If the characteristic of k does 
not divide the order of G, then Maschke's Theorem states that the group algebra 
kG is semisimple. Since k is supposed to be algebraically closed, this is equivalent 
to saying that the group algebra kG is separable and thus H^(fcG, fcG) = 0. So 
henceforth let fc be a field of characteristic p dividing the order of G. Let n = p°-q 
be the order of G with q prime to p. We are interested in this section in the 
particular case where G contains only one cyclic Sylow p-subgroup S*, necessarily 
normal in G. Then 5 is a normal Hall subgroup of G and Schur's splitting theorem 
(see [0 9.3.6) states that there exists a supplement K oi S in G, i.e. a subgroup 
such that S C\ K = {1} and SK = G. It is unique up to a group isomorphism. If 
CT is a generator of S, the action of K on S by conjugation is given by a formula of 
the type 

xax^'^ = a^^'^^ 

with X ^ K and x{^) (Z/p"Z)^ . The group G is the semidirect product of S and 
K. For every kK-module N we denote by the underlying fc-vector space of N 
equipped with a new action * of K such that we have 

X 'If m :— xi^)^ • 

for all x e if and m G N. If the fcX-module N belongs to the isomorphism class 
e, we denote by xe the isomorphism class of the fcif-module ^N. That which 
enables us to study the Lie algebra H^(fcG, fcG) is the association of a quiver Q 
to the group G in the following way: the set Qq of vertices of Q consists in the 
set of isomorphism classes of simple fcif-modules and for every vertex e we take 
an arrow e x^- The quiver Q is a disjoint union of crowns i.e. of oriented 
cycles. Gabriel proved in ||^ that the category of fcG-modules is equivalent to the 
category of fc(3/((5pa)-niodulcs. In other words the fc-algebras kG and kQ/{Qpa) 
are Morita equivalent. Note that in general they are not isomorphic. A necessary 
and sufficient condition for the existence of an algebra isomorphism between kG and 
kQ/{Qpa) is the commutativity of the group K. Since the Hochschild cohomology 
II*(A, A) is for every fc-algebra A Morita invariant as a Gerstenhaber algebra (see |g| 



20 



p. 143), we conclude that the Lie algebras H-^(fcG, kG) and {kQ / (Qpa) ^ kQ / {Qpc^)) 
are isomorphic. Furthermore tl^ {kQ / (Qpa) , kQ / (Qpa)) is a product of Lie algebras 
{kC / (Cpa) , kC / (Cpa)) where C is a crown of Q, because the quiver Q is a disjoint 
union of crowns and the Hochschild cohoniology is additive on a product of algebras. 
Thus we have 

R\kG,kG)= Yl il\kC/{Cpc^),kC/{Cp^)) 

C crown of Q 



Theorem 5.1 Let k be an algebraically closed field and G a finite group such that 
the characteristic p > of k divides the order of G. Let n = p°'q be the order of 
G with q prime to p. Suppose that G contains only one Sylow p-subgroup which in 
addition is cyclic. The following conditions are equivalent: 

(i) The Lie algebra Il^{kG,kG) is semisimple. 

(ii) The group G is the direct product of a group K of order q and of a cyclic 
group Gp of order p. The characteristic p of the field k is different from 2. 

(ill) Hi(fcG, kG) IS a product of Witt algebras W{1, 1) := Dcr {k[X]/{XP)) and the 
characteristic p of the field k is different from 2. 

Proof: Let Q be the above-described quiver associated to the group G. 
(i) ^ (ii) : It is clear that the Lie algebra H^(fcG', /cG) is semisimple if and only 
if the Lie algebra H^(fcG/( Gpa), kG / {Cpa)) is semisimple for every crown G of the 
quiver Q. From Proposition [4.2| and Theorem 4.15| we deduce that Q does not have 



a crown of length > 2, i. e. Q is a disjoint union of loops. Therefore we have x{^) — 1 
for all a; G G which implies that G is the direct product of the Sylow p-subgroup S 
and its supplement K. Proposition shows that for every loop G of the quiver Q 
the Lie algebra H(fcG/ (Gpa), kG/ {Gpa)) is semisimple if and only if p° = p > 2. 
(ii) (Hi) : Let G = K x Gp and so x = 1- Therefore Q is a disjoint union of 
loops. According to Proposition we have for every loop G of the quiver Q that 
li^lkG/{Gpa),kG/{Gpa)) is isomorphic to the Witt Lie algebra W{1, 1). 
(Hi) (i) : This is clear, because the Witt algebra is one of the nonclassical simple 
Lie algebras if the characteristic p > of fc is different from 2. 

q.e.d. 5.1 



Corollary 5.2 Let k be an algebraically closed field and G a finite group such that 
the characteristic p > of k divides the order of G. Let n — p'^q be the order of 
G with q prime to p. Suppose that G contains only one Sylow p-subgroup which in 
addition is cyclic. The following conditions are equivalent: 

(i) The Lie algebra H^(fcG, fcG) is simple. 

(ii) The group G is cyclic of order p and the characteristic p of the field k is 
different from 2. 

(iti) Hi(fcG, kG) IS isomorphic to the Witt Lie algebra W{1, 1) -.^ Der {k[X]/{XP)) 
and the characteristic p of the field k is different from 2. 

Proof: Let Q be the above-described quiver associated to the group G. 
(i) ^ (ii) : Let the Lie algebra H^(feG, fcG) be simple and thus semisimple. The 
preceding Theorem shows that G is the direct product of a group K of order q 
and of a cyclic group Gp of order p, where q and p are prime. Therefore we have 
X — ^ which implies that the quiver Q is a disjoint union of loops. From the fact 
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that R^{kG,kG) =l\}i^ ikC/{Cp),kC/{Cp)) is a simple Lie algebra it follows that 
Q has only one loop. Since the field k is algebraically closed and since p does not 
divide the order q of the group K, the number of isomorphism classes of simple kK- 
modules, which is the number of vertices of Q, is equal to the number of conjugation 
classes of the group K. Thanks to the fact that the loop Q has only one vertex we 
obtain that K has only one conjugation class and so K = {!}. 
(ii) => (Hi) : Since the quiver Q associated to the cyclic group Cp is the loop, 
Proposition |4.3| shows that (fcG, kG) is isomorphic to the Witt Lie algebra. 
(Hi) ^ (i) : clear 
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